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Implicit Hamiltonian systems with symmetry are treated by exploiting the notion of 
symmetry of Dirac structures. It is shown how Dirac structures can be reduced to Dirac 
structures on the orbit space of the symmetry group, leading to a reduced implicit (general- 
ized) Hamiltonian system. The approach is specialized to nonholonomic mechanical systems 
with symmetry. 
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1. Introduction 
The theory of mechanical systems with symmetry has a long and rich history. 
Most of the techniques appear in their classical form in Whittaker [25], while the 
modern “geometric” approach is due to several authors, including Marsden and 
Weinstein [14]; see especially [l, 19, 131 for excellent treatments. Within a Hamilto- 
nian formulation the basic idea is that if there exists a, say abelian, symmetry group 
acting by canonical transformations on the phase space which leaves the Hamiltonian 
(total energy) of the mechanical system invariant, then the equations of motion may 
be reduced to the lower-dimensional space of orbits of the symmetry group. Further- 
more, by Noether’s theorem, this reduced dynamics possesses conserved quantities 
(first integrals) directly related to the group action, whose existence admits a further 
reduction of the equations of motion. In this way the study of the dynamics of the 
mechanical system has been reduced to the study of a lower-order (still Hamiltonian) 
dynamics, since in some sense the full-order dynamics can be reconstructed from the 
lower-order dynamics. This is of obvious interest for analysis, but also for control 
and simulation purposes. 
Recently, there has been a revival of interest for mechanical systems subject to 
nonholonomic kinematic constraints, as arising e.g. from non-slipping conditions. Such 
constraints are frequently encountered in mechanisms and robotic systems (see e.g. 
[2031 
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[17] for a beautiful classical reference). One of the aims of the recent work in this 
area, see e.g. [9, 2, 4, 61, is to clarify the relation between the existence of symmetry 
for such systems (e.g. rotational invariance) and the possibilities for reduction. The 
main obstacle is the fact that systems with nonholonomic kinematic constraints cannot 
be cast into the standard Lagrangian or Hamiltonian setting, and thus appropriate 
generalizations of these frameworks have to be sought for. For the Lagrangian side 
this has been pursued e.g. in [9, 41, while the description of nonholonomic systems 
as generalized Hamiltonian systems has been undertaken e.g. in [2, 6, 12, 221 (see 
also [lo] for the relation between the Lagrangian and Hamiltonian approach). 
In our previous work [22, 15, 20, 211 we have shown that not only nonholonomic 
mechanical systems give rise to a generalized Hamiltonian formulation, but other 
energy-conserving physical systems (such as electrical E-circuits) as well. Further- 
more, it has been argued in [3, 7, 20, 21, 231 that a proper Hamiltonian formulation 
of all such systems can be based on the geometric notion of a (generalized) Dirac 
structure, as introduced as a generalization of Poisson and symplectic structures by 
Courant [5] and Dorfman [8]. In fact, the concept of a Dirac structure allows to 
give a simple intrinsic definition of an implicit (generalized) Hamiltonian system, that 
is, a mixed set of differential and algebraic equations of “Hamiltonian form” as fre- 
quently encountered in modelling. From a physical point of view the Dirac structure 
seems to capture naturally the geometric structure of the system as arising from the 
interconnection of simple subsystems [7, 23, 16, 31. 
The purpose of the present paper is to treat a notion of symmetry for (generalized) 
Dirac structures and general implicit Hamiltonian systems, which properly generalizes 
the notion of symmetry for symplectic and Poisson structures and (standard) Hamil- 
tonian systems. A basic starting point herein is the definition of a symmetry of a 
Dirac structure given by Dorfman [8], see also [5]. Further, we deduce some basic 
results on the characterization of such symmetries and the reduction of generalized 
Dirac structures and implicit Hamiltonian systems, as well as a few results on the 
relation with conserved quantities. These general results will then be applied to the 
particular case of nonholonomic mechanical systems, leading to the study of the same 
type of symmetries as considered in the previous papers [9, 2, 4, 61. This will be done 
in Section 3 after a concise treatment of generalized Dirac structures and implicit 
Hamiltonian systems in Section 2. Finally, in Section 4 we illustrate our approach on 
three simple examples; two of which are in the realm of nonholonomic systems and 
have been treated before in [2, 41. Conclusions follow in Section 5. 
2. Dirac structures and implicit Hamiltonian systems 
The notion of Diruc structures has been introduced by Courant [5] and Dorfman 
[8] as a generalization of symplectic and Poisson structures. Let X be a manifold with 
the tangent bundle TX and the co-tangent bundle T* X. We define TX @ T’X as 
the smooth vector bundle over X with the fibre at each 2 E X given by T,X x T,‘X. 
Let X be a smooth vector field and cy a smooth one-form on X, respectively. Given 
a smooth vector subbundle ZJ c TX @T*X, we say that the pair (X, a) belongs to z) 
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(denoted (X,a) E V) if (X(z),a(s)) E V(Z) for every z E X. Furthermore we define 
the smooth vector subbundle V1 c TX @ T*X as 
v~={(X,cr)ETX@3*X](a(rZ)+(&~x)=o, t(R,&)EV} (1) 
with (I) denoting the duality inner product between a one-form and a vector field. 
In (1) and throughout in the sequel the pairs (X, cy), (2,s) are assumed to be pairs 
of smooth vector fields and smooth one-forms. 
DEFINITION 1 [5, 8, 71. A generalized Dirac structure on a manifold X is a 
smooth vector subbundle V c TX @ T*X such that V’ = V. A Dirac structure is a 
generalized Dirac structure V satisfying the closedness (or integrubility) condition 
WXIQ2 I X3) + wx*a3 I Xl) + (Lx,w I X2) = 0 
for all (XI, al), (X2, a2), (X3, a3) E 27. 
(2) 
EXAMPLE 1 [5, 8, 71. Let {, } be a Poisson bracket on X with the structure 
matrix J(Z). Then the graph of J(Z), that is, V = {(X, a) E TX $ T*X 1 X(Z) = 
J(z)a(z), 2 E X}, is a Dirac structure on X. The Jacobi identity for {, } is equivalent 
to (2). 
EXAMPLE 2 [5, 8, 71. Let w be a two-form on X. Then V = {(X, a) E TX@T*X 1 
ixw = a} is a generalized Dirac structure on X, which satisfies (2) if and only if 
dw = 0. 
EXAMPLE 3 [7]. Let G be a smooth constant-dimensional distribution on X, and 
let ann G be its annihilating smooth co-distribution. Then V = {(X, Q) E TX $ T’X ) 
X E G, a E ann G} defines a generalized Dirac structure on X, which satisfies (2) if 
and only if G is involutive. 
DEFINITION 2 [20, 21, 71. Let X be a manifold with (generalized) Dirac structure 
V, and let H : X --) R be a smooth function (the Hamiltonian). The implicit (gener- 
alized) Hamiltonian system corresponding to (X, V, H) is given by the specification 
(li,dH(z)) E V(Z), 5 E x. (3) 
REMARK 3. By substituting Q = & = dH(z), and X = 2 = j: in (1) one immedi- 
ately obtains for every implicit generalized Hamiltonian system the energy-conservation 
property % = (dH(z) I k) = 0. 
Note that (3) describes in general a mixed set of differential and algebraic equa- 
tions (DAE’s) of the form F(z?,z) = 0. If the Dirac structure is defined by a Poisson 
bracket with the structure matrix J as in Example 1, then (3) reduces to the (explicit) 
Hamiltonian svstem , 
i = J(z)$$ 
with g(x) denoting the column vector of partial derivatives of H. In [7, 23, 161 
it has been shown that power-conserving interconnections of conservative mechanical 
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systems naturally lead to implicit generalized Hamiltonian systems as in (3) which in 
general are not of the explicit form as in (4). 
In [7], expanding on [5], different ways of representing (generalized) Dirac structures 
and implicit (generalized) Hamiltonian systems have been introduced. We recall the 
following two representations. First, we associate with a generalized Dirac structure D 
on X the smooth distributions 
Go := {X E TX ( (X,0) E ZJ}, 
Gi := {X E TX 1 3a E T*X s.t. (X,cx) E 2)}, 
(9 
and the smooth co-distributions 
PO := {a E T*X 1 (0,~) E ZJ}, 
Pi := {a E T*X 13X E TX s.t. (X,cy) E D}. 
It immediately follows that Go c Gi, Pa c Pi, while by P = D1 one obtains [7] 
Ga = ker Pi 
Pa = annGi. 
(6) 
(7) 
If D satisfies the closedness condition (2), then (cf. [S]) the (co-)distributions Go, Gi, Pa, 
Pi are all involutive. 
REMARK 4. The distribution Gi describes the set of admissible flows of any implicit 
generalized Hamiltonian system corresponding to 2). In particular, if Gi is constant- 
-dimensional and involutive then we may find by Frobenius’ theorem local coordinates 
(n,..., 2,) for X such that PO = span{dzi, . . . , dxk}, implying that ~1,. . . , q are inde- 
pendent conserved quantities for (3). Dually, the co-distribution Pi describes, together 
with the Hamiltonian H : X -+ $ the algebraic constraints of the implicit generalized 
Hamiltonian system (3), that is 
dH(x) E S(x), x E X. (8) 
REMARK 5. A (generalized) Dirac structure is of the type as described in Example 
3 if and only if Ga = Gi =: G, with G constant-dimensional. 
THEOREM 6 [7] 
(a) Let 2) be a generalized Dirac structure on X, with PI constant-dimensional. Then 
there exkts a skew-symmetric linear map 
J(x) : PI(x) c T,X - (PI(~))* N TzXIGo(x) (9) 
with kmel PO(~) such that 
2) = {(X, a) I X(Z) - J(x)cy(x) E ker PI(~), x E X, CY E PI}. (10) 
Conversely, define V for any skew-symmetric linear map J(x) : T,* X + T, X and 
tb) 
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constant-dimensional co-distribution PI as in (lo), then ‘D is a generalized 
structure on X. 
Let V be a generalized Dirac structure on X, with GI constant-dimensional. 
there exists a skew-symmetric linear map 
W(Z) : Gr(x) c T,X --j (GI(~))* = T,X/Po(x) 
with kernel Go(z) such that 






Conversely define 2) for any skew-symmetric linear map w(x) : T,X -+ T,* X and 
constant-dimensional distribution GI as in (12), then 2) is a generalized Dirac 
structure on X. 
Representation (a) of the generalized Dirac structure yields the following local 
representation of the implicit generalized Hamiltonian system (3): 
2 = J(x)E(x) + g(x)& 
0 = sT(xgtZ)’ 
(13) 
where the full-rank matrix g(x) has been chosen such that Img(x) = Go(x) = 
ker PI(x), and J(x) in (9) has been arbitrarily extended to a skew-symmetric map 
T,* X + T,X. Here the vector X are Lagrange multipliers corresponding to the alge- 
braic constraints 0 = gT(x)g(x); under nondegeneracy conditions on H they will be 
uniquely determined (see the discussion later on). Analogously, representation (b) of 
the generalized Dirac structure yields the following local representation of the implicit 
generalized Hamiltonian system (3) 
E(x) = w(x)? + p(x)& 
(14) 
where the full-rank matrix p(x) is such that Im p(x) = PO(X) = ann Gt(x). 
EXAMPLE 4 [7]. A classical mechanical system with Hamiltonian H(q,p) subject 
to Ic independent kinematic constraints AT(q)q = 0 (with AT(q) of full row-rank) can 
be either written as in representation (a) 
\ I 
0 = pT(x)i, 
(15) 
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or as in representation (b) 
0 = [AT(q) O] ’ . [I rj
(Note that in this case the Lagrange multipliers X have the physical interpretation of 
being constraint forces!). The underlying generalized Dirac structure satisfies the closed- 
ness condition (2) if and only if the kinematic constraints AT(q)4 = 0 are holonomic 
[7 221. 
Remark. The generalized Hamiltonian representation of systems with kinematic con- 
straints as proposed in [2, 61 combines in some sense (15) and (16), by noting that the 
symplectic form w = 
0 -In 
( ) 
in (16) is nondegenerate when restricted to the tangent 
17% 0 
space of the constraint manifold defined by the last equations of (15) intersected with 
the distribution defined by the last equations of (16), provided the Hamiltonian H is as 
in Remark 11 below. 
A coordinate-free description of the underlying (generalized) Dirac structure in Ex- 
ample 4 can be given as follows. Let q be local coordinates for the configuration mani- 
fold Q. The rows of the matrix AT(q) are local coordinate expressions of independent 
one-forms al, . . . ,ak on Q. The cotangent bundle T*Q is endowed with the natural 
symplectic form w (and (q,p) are canonical coordinates with respect to w), yielding a 
bundle isomorphism w : TT’Q --t T’T’Q, also denoted by w. Define the co-distribution 
PO := span{r*(ul,. . , , ?T*Q~} (with 7r : T*Q + Q the natural projection), let G1 : = ker PO, 
and define the generalized Dirac structure as in (11) by restricting W(Z) to Gl(z). Note 
that 
GO = w-I(&). (17) 
Summarizing, we have the following intrinsic characterization of the (generalized) Dirac 
structure in Example 4. 
PROPOSITION 7. Let al,..., ak be independent one-fomzs on Q. Let w be the canoni- 
cal 2-form on T*Q. Define the co-distibution PO := span{#ff1,. . . , ?T*CXk} on T’Q, with 
r : T*Q + Q the naturaE projection. Z%en V defined as in (II) is a generalized Dirac 
structure on X = T’Q, which satisfies the closedness condition (2) ifi PO is involutive 
(cf. [71)- 
For a Dirac structure, that is, a generalized Dirac structure satisfying the closedness 
condition (2), we can in some sense combine representations (a) and (b). In fact, see 
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[5, 81, around every point x0 where G1 and Pi have constant dimension, condition (2) 
will be satisfied if and only if there exist local (canonica1) coordinates 
(Q,P,T,S) = (Ql,...,qk,Pl,...,Pk,~l,...,~~,sl,...,s~) 
about xc such that 
(18) 
2)(q,p, T, s) = {(X, a!) 1 x = (X9, xp, X’, X”), a = (d’, aP,d, cry, 
(19) 
XQ = aP,XP = --cyQ,_Jp = o,cy* = 0). 
In these coordinates the implicit Hamiltonian system takes the simple form 
(20) 
dH 
0 = -Y&q> P, T, s) 
with conserved quantities rl, . . . , rt, and algebraic 
that Pa = span{&} and Go = span{&}.) 
constraints g(q, p, T, s) = 0. (Note 
Remark. This form of an implicit Hamiltonian system is very close to the definition 
proposed by Tulczyjew [24]. 
Following (8) we can define the constraint manifold XC c X of an implicit gener- 
alized Hamiltonian system (3) as 
X, = {x E X 1 dH(x) E PI(~)}. (21) 
(This describes the algebraic constraints present in (3)). The implicit generalized 
Hamiltonian system (3) can now be reduced to an eXpricit generalized Hamiltonian 
system on X, provided the following Assumption is satisfied. 
ASSUMPTION 8. Let 2) be a generalized Dirac structure with PI constant-dimension- 
al, so that 2) can be represented as in (10). Denote Go(x) = Img(x) = span{gi(x), 
. . . ) gm(x)}, with 91(x), . . . , gm(x) linearly independent. Assume that the m x m matrix 
[L!?iLs73H(x)li,j=I ,...) m is invertible for all x E X satis&& L, H(x) = 0, j = 1, . . . , m. 





={xEXIL,,H(X)=O, j=l,...,m}, (22) 
and is either empty or a submanifold of X with codimension m. Consider for every 
x, E XC the canonical projection 
P(xc) : TzcX -+ TzcXIGoW, (23) 
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and its restriction to TzCXC c TzCX, denoted as P’(Q) : 
P’(G) : Gc& -+ Tzc~/G&,). (24) 
We claim that P’(cc~) is injective, and thus invertible. Indeed, let v E TzCXC be such 
that P’(z:,)v = 0, or equivalently VJ E Ga(zC). Then L,L, H(z,) = 0, j = 1,. . . , m, 
II E GO(xc), and thus by Assumption 8 u = 0. Hence we may define 
R(z,) := [P’(z,)]-’ : TzCX/Go(a,) --f Tz,X,. (25) 
Now consider the diagram 
Cc Xc 
R%) annGo p*(rc) - TzC X %) TzC X p(Is) TzC X/GO(Q) R(rS) TzC X,, (26) 
and define by composition the skew-symmetric mapping 
J&C> := R(~c)P(~c)J(~c)P*(~c)R*(zc) (27) 
It follows (see [21] for details) that (13) reduces to the (explicit) generalized Hamiltonian 
system on XC given as 
5, = J,(z,)$(ZJ =: X&(2,) (28) 
with H, : XC + W denoting the restriction of H to XC. Summarizing, we have obtained 
the following proposition. 
PROPOSITION 9. Let (X, V, H) define an implicit generalized Hamiltonian system, 
and let Assumption 8 be satisfied. Z%en (X, D, H) reduces to the (explicit) generalized 
Hamiltonian system (28) on the constraint manifold XC. 
REMARK 10. Proposition 9 can be also understood from the following point of view. 
Following the construction in C&rant [5, in particular Section 1.41 we may restrict the 
generalized Dirac structure 2) to a generalized Dirac structure V, on XC in the following 
manner. Let B be given in representation (b). Then for 2 E XC we restrict w(z) to a 
skew-symmetric form W,(Z) on the subspace T, XC f’ G,(x), defining DC. Since the kernel 
of the skew-symmetric form W(Z) on Gl(z) equals Go(z), it follows from Assumption 
8 that the kernel of the form W,(Z) on T,X, n Gl(z) is zero, and thus if we go to 
representation (a) of DC we obtain the dynamics (28) without constraints and Lagrange 
multipliers. 
REMARK 11. The generalized Dirac structure as given in Proposition 7 satisfies As- 
sumption 8 if H(q,p) is of the form H(q,p) = $pTG(q)p + V(q) (kinetic plus potential 
energy), with G(q) a positive definite matrix. 
The above transition from implicit to explicit generalized Hamiltonian systems be- 
comes very transparent in case the implicit Hamiltonian system takes the form (20). 
Indeed, in this case Assumption 8 amounts to the symmetric matrix g(q,p, T, s) being 
nonsingular. Hence, by the implicit function theorem applied to the last equations of 
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(20), one may locally express the variables s as functions of q, p, T, that is, s = s(q, p, r). 
Defining the constrained Hamiltonian H,(q,p, r) := H(q,p, T, s(q,p, T)), one then ob- 
tains the standard Hamiltonian equations of motion on the constraint manifold X, with 





Following Dorfman [8], see also Courant [5], we give the following definition of 
(infinitesimal) symmetry of a Dirac structure. 
DEFINITION 12 [8]. Let V be a generalized Dirac structure on X. A vector field 
f on X is an infinitesimal symmetry of V (briefly, a symmetry of 2)) if 
(LfX, &a) E V, for all (X, CZ) E 2). (30) 
REMARK 13. It can be shown [8] that if V is given as in Example 1 or Example 
2 then f is a symmetry of D iff Lf {, } = 0, respectively Lfw = 0. 
REMARK 14. Analogously, we say that a diffeomophkm p : X + X is a symmetry 
of 2, if 
(K-lx, cp*o) C V, for all (X,(Y) E v. (31) 
Note that (31) is consistent with (30). Indeed, denote the time -t flow of the vector 
field f by (pf : X --t X. Then (pf is a symmetry of V iff (since ((pi) -’ = (pf .I 
(((pf,)*X - X, ((ptf)*~ - a) E V, for all (X,a) C 2). 
Thus, dividing by t and letting t -+ 0, (LfX, L+) E 2) iff vf is a symmetry 
all small t. 
-t/ 
(32) 
of V for 
We immediately obtain the following 
PROPOSITION 15. Let f be a symmetry of the generalized Dirac structure V, with 
associated dism’butions Go, G1 and co-di&butions PO, PI. Then LfGi c Gi, LfPa c 
Pi, i = 0,l. 
Proof: Let X E Gi, that is (X, a) E V for some (Y. Then by (30) (LfX, Lp) E V, 
and thus LfX E GI. Hence, Lf Gl c GI . Similarly, Lf PI c 9. Since Go = ker PI 
and PO = ann G1, it follows that LfGc c Go, LfPo c PO (see e.g. [18, Prop. 3.461). 
0 
REMARK 16. If V is given as in Example 3, then f is a symmetry of 2, iff 
LfG c G. 
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For implicit generalized Hamiltonian systems we obtain the following. 
PROPOSITION 17. Let (X, V, H) be an implicit generalized Hamiltonian system. 
Let f be a symmetry of 2). Moreover, let f be a symmetry of the Hamiltonian 
H : X -t R, that is, L/H = 0. Then for all (possibly partially deJined) vector fields X 
such that (X, dH) E V we have LfX E Go. Furthermore, if Assumption 8 is satisfied, 
then f is tangent to the constraint manifold XC, while the restriction fC of f to XC 
satisfies 
]fc,XH,I = 0 (33) 
with Xn, on XC defined in (28). 
Proof: Let X be such that (X, dH) E V. Since f is a symmetry of 2) and H we 
obtain (LfX, LIHH) = (LfX,O) E V, and thus LfX E Go. Furthermore, since f is a 
symmetry of 2, it follows from Proposition 15 that LfGo c Go. Hence, since L/H = 0, 
Lf(L,H) = Ll~?LTjl H - L,,LfH = L,H (34) 
for some g E Go, and thus Lf(L, H) = 0 on XC, implying that f is tangent to XC. By 
construction (XH,(Z,), dH(z,)) E V(xC) for all x, E XC (see the discussion following 
Assumption S), and thus as in the first two sentences [fC,XnC](xC) E Go(z,). On the 
other hand, since fC and XH, are vector fields on XC, their Lie bracket is also a vector 
field on XC. By Assumption 8 this implies that actually [fC, Xn,] is zero. I 0 
The following subclass of symmetries of Dirac structures has been identified in [B, 
Theorem 7.71. 
PROPOSITION 18. Let V be a Dirac structure on X (that is, satisfying the closedness 
condition (2)). Let f be a vector field on X for which there exists a smooth function 
F : X -+ R such that (f, dF) E V. Then f ti a symmetry of 2). 
REMARK 19. For a partial converse we refer to [B, Theorem 7.71. 
Note, however, that the condition (f, dF) E 2, puts quite some restrictions on f (and 
F). Indeed, (f,dF) E 2, implies (see (2)) that f E G1, and also that dF E 4. 
The following generalization of [B, Proposition 7.31 provides a “Noether type” of 
result on the existence of conserved quantities. 
PROPOSITION 20. Let (X, V, H) be an implicit generalized Hamiltonian system with 
V satis&ing Assumption 8. Let f be a vector field on X for which there exists a smooth 
function F such that (f(z), dF(z)) E V(z), x E XC. Furthermore, let f be a symmetry 
for H on XC, that is LfH(x) = 0, x E XC. lhen LxH,(F) = 0 on XC, that is, F Is a 
conserved quantity for Xn, on XC. 
Proof: By the defining property 2) = V’ of a generalized Dirac structure we have 
W(x) 1 f(z)) + @F(x) 1 xH,(z)) = 0, x E Xc, 
since (f(z), dF(z)) E V(x), x E XC, by assumption, and (XH,(X), dH(z)) E V(z), x E XC, 
by construction. q 
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Now let us consider instead of a single (infinitesimal) symmetry, a symmetry Lie 
group G of the generalized Dirac structure ZJ on X. That is to say, the Lie group G acts 
on X by diffeomorphisms G9 : X -+ X,g E G, see e.g. [13, 191, and 9, is a symmetry 
of 27 for every g E G (see Remark 14). Equivalently, for every 5 c g (the Lie algebra 
of G) the infinitesimal generator Xe of the group action is an (infinsesimal) symmetry 
of ‘D. Throughout we assume that the quotient space k := X/G of G-orbits on X is a 
manifold with smooth projection map p : X --f k. Then the generalized Dirac structure 
D reduces to ;It as follows. 
PROPOSITION 21. Let G be a symmetry Lie group of the generalized Diruc structure 
‘D on X, with quotient manifold &’ and smooth projection p : X + 2. Then there 
exists a generalized Dirac structure lj on 2, called the reduced generalized Dirac 
structure, dejined as follows 
(X,&y) E i? if there exists X with p*X = d such that (X,Q) E 27, where CY = p*6. 
(35) 
Furthermore, if D satisfies the closedness condition (2), then so does B. 
Proof: First we show that b is a generalized Dirac structure. In order to show 
that @ c B, let (X’, &‘) E Tz @ T*;E’ be such that 
(5’ ] X) + (& 1 X’) = 0, for all (X,&) f B. (36) 
Now let X’ E Tz be such that p+X’ = X’ and define CK’ = p*cU’. Since 
((I: I p*x> =(p*G 1 X) 
for every & E T*% and every X E T% with p*X well defined, (36) yields 
(37) 
(a’ 1 X) + (a ) X’) = 0 (38) 
for all (X, cr) E D such that p*X is a well-defined vector field on ,%’ and a = p*& 
for some d E T*P?. Since G is a symmetry group of D, it follows from Remark 14 
that 
(X, a) E 2) =+ (@,.X, (@;)-lcx) E n, Vg E G. (39) 
Thus, (38) also holds for all (X,a) E ‘D such that a = p*& for some 5 E T*jt-. 
Hence, 
(X’,a’) E (2,rlC)’ = 27 + CL, (40) 
with C denoting the vector subbundle of TX $ T*X spanned by all (X, a) such ,that 
a = p*& for some & E T* X, and where we have used ZJDI = 2) (27 is a generalized 
Dirac structure). We claim that 
C- = {(X,0) ( p*x = 0). (41) 
Indeed, the inclusion 3 is obvious, while for the reverse inclusion we note that if 
(X,5) is such that (& 1 X) + (a: 1 X) = 0 for all (X,CZ) E C, then (taking X = 0) 
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(a ( x) = 0 for all a = p*&, & E T*X, and thus p,X = 0. Hence, 0 = (& / X) 
+ (cx 1 X) = (~5 1 X) for all X, implying & = 0. Therefore, by (40) and (41) there 
exists a vector field X with p,X = 0 such that (X’ + 2, CY’) E V. Since p*(X’ + X) = 
p*X’ = X’, this implies (X’, 6’) E fi, showing that @- c B. The reverse inclusion 
is, c 9 follows easily. 
Finally, let D be closed. Take (Xi, &) E D,, i = 1,2,3, that is, (Xi, p*&) E YD, p*Xi = 
Xi, i = 1,2,3. Using the general equality (37) and p*(L,,~(r) = Lxp*& we obtain 
= (Lx,62 I P*X3) + &@3 I P*Xl) + (Lx,& I P*X2) 
= (LxlP*G2 I x3)+ (Lx,P*Ga I Xl) + (Lx,P*&lx2) = 0, 
since ZJ satisfies (2). Hence, also Iij is closed. 0 
Next question is how we can effectively compute the reduced (generalized) Dirac 
structure D from 2). We will only do this under the following 
ASSUMP~ON 22. The co-distribution PI of the generalized Dirac structure V on X 
is constant-dimensional. Denote by V the distribution on X tangent to the orbits of G 
(that is, spanned by the infinitesimal symmetries). The co-distribution PI II ann V is also 
constant-dimensional. 
By Theorem 6 the generalized Dirac structure 2) on X can now be represented as 
in (10). Then define the reduced skew-symmetric linear map 
J(Z) : PI(z) n ann V( z ) - (PI(Z) n ann V(x))* E T,X/(Go(z) + V(z)) (42) 
by simple restriction of J(Z) to PI(Z) n ann V(z). Since J(Q) = J(Q) for all ~1~x2 with 
p(zr) = p(xa), i? can be seen to be given as in (lo), that is 
B(Z) = {(X, &) I T’(5) - J(?)ti(~Ec) E ker PI(Z), 5 E x,5 E PI}. (43) 
with 9 o p = J, and 4 the reduced constant-dimensional co-distribution on X defined 
as 
PI = span{& I p*cE E PI}. (44) 
(Note that p*& is zero on V.) 
Based on Proposition 21, we immediately obtain the following result on reduction 
of implicit generalized Hamiltonian systems. 
PROPOSITION 23. Let (X, 27, H) be an implicit generalized Hamiltonian system. Let 
G be a symmetry Lie group of the generalized Dirac structure l3 on X, with quotient 
manifold X, smooth projection p : X ---f X, and reduced generalized Dirac structure i? on 
X as in Proposition 21. Furthermore, suppose the action of G on X leaves H invariant, 
leading to a reduced Hamiltonian I? : k --f I% such that H = B o p. Then the implicit 
generalized Hamiltonian system (X, 2), H) projects to the implicit generalized Hamiltonian 
system (2, D,, II). 
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Proof: By definition of ri we have (note that p*dH = dH) 
(a@E),dfi(Z)) E B,(Z) u (X(z), dH(x)) E D(x) 
for some X with p*X = X and all 5 E X such that p(z) = 2. Substituting $ for 
X(Z), and 5 for X(Z) we obtain the result. 0 
Finally, let us now specialize the theory of symmetries of implicit generalized 
Hamiltonian systems to the systems arising from mechanical systems subject to kine- 
matic constraints, as described in Example 4 and formalized in Proposition 7. First, 
we may identify the following important class of symmetries of the underlying gen- 
eralized Dirac structure. 
PROPOSITION 24. Consider the generalized Dirac structure D on T*Q given in 
Proposition 7. Let f be a vector field on T*Q sati.sfiing Lfw = 0 and LfPo c PO. 
Then f is a symmetry of D. 
Proof: Let (X,o) E D. Then Q = ixw + p, with p E PO. Thus, since Lfw = 0, 
tLfX,Lp) = (Lfx, iLfxw + LfP) 
which is again in D, since Lfp E LfPo c PO. 0 
From the property Lfw = 0 it follows, see e.g. [ll, 131, that at least locally 
there exists a function F such that ifw = dF. (Thus f is a (locally) Hamiltonian 
vector field on T*Q with respect to the natural symplectic form w on T*Q, and 
Hamiltonian F). In view of Proposition 20 one may thus wonder when the additional 
condition Lf H = 0 on XC implies that F is a conserved quantity for the constrained 
Hamiltonian system corresponding to 2) and H. This is answered in the following 
proposition. 
PROPOSITION 25. Consider the generalized Dirac structure Z, on T*Q given in 
Proposition 7, satisfying Assumption 8. Let f be a Hamiltonian vector field on T*Q, 
that & ifw = dF for some F : T*Q -+ IR Additionally let f satis& LfH(x) = 0, x E X,. 
Then Lx_(F) = 0 on X, if f(x) E Gl(x), x E X,. 
Proof: Following Proposition 20 we only have to show that (f(x),dF(x)) E 2)(x), 
x E X,. However, this is obvious from the assumption f(x) E G,(x), x E X,, since 
ifw = dF and 2) is given as in representation (b) of Theorem 6. 0 
Usually, a symmetry f as in Propositions 24 and 25 occurs by first considering 
a vector field fQ on the configuration manifold Q which leaves the constraint co- 
distribution PQ : = span{ or, . . . , ak} on Q invariant, that is Lf, PQ c PQ. Then the 
vector field fQ naturally lifts to a vector field f on T*Q which satisfies Lfw = 0 
and LpPO c PO. (In fact, f is defined as the Hamiltonian vector field on T*Q with 
respect to w and the Hamiltonian F(q,p) := $fQ(&) This is precisely the class 
of “symmetries of nonholonomic mechanical systems” as treated in [2] and, within 
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a Lagrangian framework, in [4, 91. (Note that the class considered in [l] is more 
restrictive.) As in these references and as above, we then look at symmetry groups 
that are defined by a Lie group G acting on T*Q by canonical transformations and 
leaving the co-distribution Pa invariant (or acting on Q and leaving PQ invariant). 
4. Examples 
The theory of Section 3 will be illustrated on three simple examples. The first two 
examples have been treated before in [2, 41 and concern mechanical systems with non- 
holonomic constraints as formalized in Proposition 7, while the last example is concerned 
with a simple LC electrical circuit. 
Example 4.1. Motion of a particle subject to a nonholonomic constraint ([2]) 
Consider a particle in lR3 with kinetic energy $(k2 + y2 + i2) subject to the nonholonomic 
constraint i = y&. In the formulation of Proposition 7 this means that Q = IR3, with 
coordinates (z, y, z), T*Q = IR3 x IR3 with canonical coordinates (z, y, Z, p,, p,, pZ), and 
the generalized Dirac structure 2) on T’Q is defined as in (11) for 
PO = span{dz - ydx}. (45) 
After Legendre transformation the Hamiltonian (total energy) is given by 
(46) 
Clearly, the generalized Dirac structure D as well as the Hamiltonian H are invariant 
under translations of the x- and z-coordinates, so that (cf. Assumption 22) 
V=span &,i 
{ I 
(Note that 6 and g are vector fields as in Proposition 24.) We compute 
, 
4 = wn{dx, dy, dz, y&b + dpz, dp,), 
Pi n ann V = span{dy, ydpz + dp,, dp,}. 
The reduced space k is given by IX4 with coordinates (y, p,,p,,p,), whereas 
(47) 
(48) 
PI = span{&, y&b + dp,, dp,}, (49) 
and thus 
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It follows that the reduced implicit generalized Hamiltonian system on 2 (see Propo- 
sition 23) is given in representation (a) as 
i 0 0 
PX 0 0 
= 
PY -1 0 











Note furthermore that & = span{ydp, + dp,}, representing the (again nonintegrable) 
constraint y& + 6, = 0. (This is, however, not anymore a kinematic constraint!) Since 
neither & nor g are contained in G1 = ker Pa, Proposition 25 does not yield first 
integrals for the constrained system on AZ’,. 
On the other hand, we can easily eliminate the constraint 0 = ypz - p, and the 
multiplier X from (51) leading to 
Y = P,, 1.. tiy =0, 
Y 
Pz = -I+ y2PzPY. 
(52) 
The last differential equation can be solved as p, = C c E $ leading to the 
m’ 
same solutions as obtained in PI* 
Example 4.2. The rolling penny (see e.g. [4, 221). 
Consider a vertical wheel rolling without slipping on a horizontal plane. Let x, y be 
the Cartesian coordinates of the point of contact of the wheel with the plane. Fur- 
thermore, 8 denotes the rotation angle of the wheel, and ‘p the heading angle on 
the plane. The rolling constraints i - 6coscp = 0, j, - 6 sincp = 0 are nonholonomic. 
In the formulation of Proposition 7 we have Q = R2 x S1 x S1 with coordinates 
(x, y, 19, cp), T*Q with canonical coordinates (x, y, 8, g~,p,,p,,p~,p,), and the general- 
ized Dirac structure D on T*Q is defined as in (11) for 
PO = span{dx - cos cpd0, dy - sin cpde}. (53) 
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The Hamiltonian (setting all parameters equal to 1) is given as H(x, y, 8, (p, p,, p,, pe,p,) 
= i(pz + pi + pi + pt). The generalized Dirac structure D as well as the Hamiltonian 
H are invariant under translation of the x- and y-coordinates, and rotation of the 
&coordinate, so that 
V = span 
We compute 
Ga = span 
a a a a 
--wscp-,--sincp- 
8PZ ape aP, ape 
PI = span{dx, dy, de, dp, coscpdp, + sin cpdp, + dpe, dp,}. 
The reduced space k has coordinates (cp, p,, p,,pe,p,) with 
PI = span{&, cos (pdpz + sin cpdp, + dpe, dp,}, (56) 
and thus 
(?a = ker 4 = span 
d dd .d 
- - cos(pap,’ a~, - smcpape 
8PZ 
, 







1 0 0001 
0 0000 
= 0 0000 
0 0000 
-10 0 0 0 
L 
O=p,-COScp-pe, 
0 =p, - sincp.pe. 
Furthermore, one computes pi, = span{wscpdp, + sincpdp, + dpe} representing the 
(nonintegrable) constraint ws cp .p, +sincp.&+& =O. 
This example can be modified in a number of directions by adding to the Hamiltonian 
H potential energy terms depending on x and/or y (inclined versus horizontal plane), 
or depending on 8 (a torsional spring attached to the wheel). For instance, by adding 
a potential energy ISpot( the symmetry distribution becomes V = span{ &, $1, and 
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1 A -2i?c2 
where the most left capacitor C represents a large (parasitic) capacitance. Using 
Kirchhoffs laws, the dynamics is described by the differential-algebraic equations 
0 -1 0 -1 
0 -1 1 0 
0 0 0 0 
1 0 0 0 
(59) 
with ‘p the magnetic flux of the inductor, 41, q2 and q the electric charges of the 
capacitors Cl, Ca and C, and H((o,pl, q2,q) = $-(p2 + &qf + &qg + &q2 the total 
(magnetic and electric) energy (for simplicity assumed to be quadratic). This describes 
an implicit Hamiltonian system on IX!, with the Dirac structure solely determined by 
Kirchhoffs laws, that is, by the two square matrices in (59) (see [20, 71 for further 
details). In the limit C + w (corresponding to short-circuiting the most left branch of 
the circuit), the system admits the intinitesimal symmetry 6, and the system reduces 
to the following implicit Hamiltonian system on the reduced space IR3 
1 0 100 0 I 0 1Ii1 Qz I& $3 = i 0 1 -1 0 a 01 (60) 
with fi(p,ql,qd = &(p2 + &q: + &$. 
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5. Conclusions 
After a brief expose of generalized Dirac structures and implicit generalized Hamil- 
tonian systems, including the special case of mechanical systems subject to kinematic 
constraints, we have shown how the notion of symmetry of Dirac structures as proposed 
in [8] can be naturally used for the study of implicit (generalized) Hamiltonian systems 
with symmetry. The main results concern the reduction of the (generalized) Dirac struc- 
ture and the implicit Hamiltonian system to the quotient manifold of the orbits of the 
symmetry group. Some results concerning the existence of conserved quantities (first 
integrals) have been also derived. 
We hope to have demonstrated that the use of Dirac structures offers a conceptually 
clear approach to handle implicit Hamiltonian systems with symmetry, even for the 
special case of mechanical systems with nonholonomic constraints as already treated in 
[2, 6, lo]; see [9, 41 for the Lagrangian picture. 
Clearly, many aspects of implicit Hamiltonian systems with symmetry have not been 
covered in this brief paper. Especially the further reduction using first integrals and 
its relation with the structure of the group action (see e.g. [14, 13, 19, 1, 111 for the 
“standard” Hamiltonian case) should be a topic for further research. 
REFERENCES 
[l] V. I. Arnold: Dynamical Systems III, Encyclopedia of Mathematics 3, Springer, Berlin, 1988 (translation 
of the Russian original, 1985). 
[2] L. Bates and J. Sniatycki: Rep. Math. Phys. 32 (1993), 99-115. 
[3] A. M. Bloch and P. E. Crouch: Representations of Dirac structures on vector spaces and nonlinear L - C 
circuits, preprint 1997. 
[4] A. M. Bloch, P. S. Krishnaprasad, J. E. Marsden and R. Murray: Arch. Rat. Mech. An. 136 (1996), 
21-99. 
[5] T. J. Courant: Trans. American Math. Sot. 319 (1990), 631-661. 
[6] R. Cushman, D. Kemppainen, J. Sniatycki and L. Bates: Rep. Math. Phys. 36 (1995), 275-286. 
[7] M. Dalsmo and A. J. van der Schaft: On representations and integrabihty of mathematical structures in 
energy-conserving physical systems, October 1996, to appear in SUM J. Con@. Optim., 1998. 
[8] I. Dorfman: Dirac Structures and Integrability of Nonlinear Evolution Equations, Wiley, Chichester 1993. 
[9] J. Koiller: Arch. Rat. Mech. An. 118 (1992), 113-148. 
[lo] W.-S. Koon and J. E. Marsden: Rep. Math. Phys. 40 (1997), 21. 
[ll] P. Libermann and C.-M. Marle: Symplectic Geometry and AnaIytical Mechanics, Reidel, Dordrecht 1987. 
[12] C.-M. Marle: Geometric des systemes mecaniques 1 liaisons actives, in Sympectic Geometry and Math- 
ematical Physics, Birkhaiiser, Boston, PMM 99, 1992. 
[13] J. E. Marsden and T. S. Ratiu: Introduction to Mechanics and Symmetry, Texts in Applied Mathematics 
17, Springer, New York 1994. 
[14] J. E. Marsden and A. Weinstein: Rep. Math. Phys. 5 (1974), 121-130. 
[1.5] B. M. Maschke, A. J. van der Schaft and P. C. Breedveld: IEEE Trans. Circ. Syst. US-42 (1995), 73-82. 
[16] B. M. Maschke and A. J. van der Schaft: Proc. 35th IEEE CDC, Kobe, Japan 1996, 207-212. 
(171 Y. Neimark and N. A. Fufaev: Amer. Math. Sot. Translations 33, 1972. 
[18] H. Nijmeijer and A. J. van der Schaftz Nonlinear Dynamical ControI Systems, Springer, New York 1990. 
[19] P. J. Olver: Applications of Lie Groups to DifitentiaI Equations, Graduate Texts in Mathematics 107, 
Springer, New York 1986. 
[20] A. J. van der Schaft and B. M. Maschke: Archiv fiir Elektronik und i&ertragungstechnik 49 (1995), 
362-371. 
IMPLICIT HAMILTONIAN SYSTEMS WITH SYMMETRY 221 
[21] A. J. van der Schaft and B. M. Maschke: Mathematical modeling of constrained Hamiltonian systems, 
Preprints 3rd NOLCOS, Tahoe City, CA, 1995. 
[22] A. J. van der Schaft and B. M. Maschke: Rep. Math. Phys. 34 (1994), 225-233. 
[23] A. J. van der Schaft and B. M. Maschke: Interconnected Mechanical Systems, part I: Geometry of 
Interconnection and Implicit Hamiltonian Systems, pp. 1-16 in Modelling and Control of Mechanical 
Systems Eds. A. Astolfi, D. J. N. Limebeer, C. Melchiorri, A. Tomambe, R.B. Vinter, Imperial College 
Press, London 1997. 
[24] W. Tulczyjew: Geometrical Formulation of Physical Theories, Bibliopolis, Napoli 1989. 
(251 E. T. Whittaker: A Treatise on the Analytical Dynamics of Particles and Rigid Bodies, Cambridge Uni- 
versity Press, Cambridge 1937. 
